Abstract. In this paper, we prove that any H s (Ω) solution u of the problem
Introduction
In this paper, we consider the regularity of solutions to the problem involving fractional Laplacian operators This operator can be extended by density for u in the Hilbert space
It is known that An important feature of the operator (−Δ) s is its nonlocal character, which can be realized as the boundary operator of a suitable extension in the half-cylinder Ω× (0, ∞). Such an interpretation was demonstrated in [5] for the fractional Laplacian in R N . Their construction can be extended to the case of bounded domains as in [6] . Indeed, let us define
We write points in the cylinder C by (x, y) ∈ C = Ω × (0, +∞). Given s ∈ (0, 1),
) for all 0 < s < t < +∞, v = 0 on ∂ L C and for which the following norm is finite:
Hence, we can study problem (1.1) by variational methods for a local problem. More precisely, problem (1.1) can be reduced to the problem
, where ν is the unit outer normal to Ω × {0}. If v satisfies (1.4), then the trace v on Ω × {0} of the function v will be a solution of problem (1.4) .
Recently, problem (1.1) has been studied in [2] , [3] , [4] , [5] and [6] , etc., where the existence of solutions and various properties of solutions were considered. In particular, the regularity of weak solutions of (1.1) was considered in [3] and [6] . It proved in [3] and [6] the following results.
According to Theorem 1.1, if a weak solution u of (1.1) belongs to L ∞ (Ω), u will be Hölder continuous provided that f is continuous. We may also verify from the proof of Proposition 2.9 in [9] They showed the extremal solution of (1.1) is bounded for the lower dimensional case, and for the higher dimensional case, the solution is possibly singular; see Theorem 1.4 in [6] . Actually, if f (t) = e t , n = 10, the extremal solution is singular if Ω = B 1 (0). We will prove in this paper that any weak solution of (1.1) is classical in subcritical and critical cases for the dimension n ≥ 2. By a weak solution of (1.1) we mean a solution belonging to H s (Ω), or alternatively, an H 1 0,L (y 1−2s ) solution of (1.5). We suppose in this paper that f ∈ C 1,γ (R), γ > max{0, 1 − 2s}, satisfies
N −2s . By the Pohozaev identity, we know that 2 * s =
2N
n−2s is the critical exponent for (−Δ)
s . The restriction of the exponent p is natural in the sense of variational methods. Our main result is the following.
By Theorem 1.2, we see that if the growth of f (t) is not so fast at infinity, solutions of (1.1) are classical without the restriction on the dimension of the whole space R N . In the critical case, it is a Brézis-Kato type result for a fractional Laplacian. Our argument is the use of Moser-Nash iteration for problem (1.4) . Although the weighted function y 1−2s is possibly singular or degenerates at y = 0, we still may establish an inverse Hölder inequality for v(·, 0) = u(·), and we may iterate the inequality for u. The proof of Theorem 1.2 is given in section 2.
Proof of Theorem 1.2
In this section, we will prove Theorem 1.2. First, we recall a result in [6] . 
Lemma 2.1 was proved in [6] . In its proof, we see in fact that the mapping
is continuous. Next, we have the Sobolev embedding theorem. 
Lemma 2.2. Given s > 0 and
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we deduce from (2.2) and (2.3) for β > 1 that
By the assumption on f , for any ε > 0, there exists C ε > 0 so that
This implies that
By (2.4), (2.5) and the Sobolev embedding theorem,
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That is,
(Ω). Indeed, choosing β = 2 * s 2 , we have
Choosing ε > 0 properly small, we obtain
Let L → +∞. It yields (2.8)
We estimate the right-hand side of (2.6). By the Hölder inequality,
We deduce from (2.6), (2.9) and (2.10) that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use , τ > 1, and
Iterating by (2.11), we obtain
(2.12) and
Next, we consider the critical case: p = N +2s
and since
we obtain
(2.13)
Hence, by the assumption on f , |f (t)| ≤ C|t|
(2.14)
(2.15)
By the Poincaré type inequality (see also [6] ), (2.16)
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We derive from (2.15) and (2.16) that
(2.17)
Using the filling hole technique, we find that there exist θ, θ 1 , 0 < θ, θ 1 < 1 so that
(2.18)
Iterating by (2.18), we obtain (2.19)
provided that J 0 is finite. Since R > 0 can be chosen such that 0 < R < R 0 for some R 0 > 0, we may have from (2.17) and ( .
Iterating I i as before, we see thatū + ∈ L ∞ (B R (x 0 )) for 0 < R < R 0 . Hence, u + ∈ L ∞ (B R (x 0 )) for 0 < R < R 0 . The proof of Theorem 1.2 is complete.
